We propose a kind of reverse Kochen-Specker theorem that amounts to generating orthomodular lattices (OMLs) with exactly one state that do not admit properties of the Hilbert space. We apply MMP algorithms to obtain smallest OMLs with 35 atoms and 35 blocks (35-35) and all other ones up to 38-38. We find out that all but one of them admit exactly one state and discover several other properties of theirs. Previously known such OMLs have 44 atoms and 44 blocks or more. We present some of them in our notation.
Introduction
If we assumed that values of measured observables of a quantum system in all possible setups were completely independent of and unaffected by measurements of other observables of the same system, then-according to the Kochen-Specker theorem-we would run into a contradiction for particular setups.
Such setups that cannot be given a classical interpretation were not easy to find and only a handful of them have been found until 2004 by Simon Kochen and E. P. Specker [1] , Asher Peres [2] , Jason Zimba and Roger Penrose [3] , Adán Cabello [4] , Michael Kernaghan [5] , and others [6] [7] [8] [9] [10] . In 2004 we designed an algorithm and wrote programs for exhaustive generation of Kochen-Specker (KS) setups by means of MMP diagrams (hypergraphs), state evaluation, and interval analysis. [11, 12] In a 3-dim space there is a correspondence between the MMP diagrams applied to a generation of orthogonal vectors from the Hilbert space and the Greechie diagrams of orthomodular lattices (OMLs) underlying the space. The correspondence stems from the fact that a 3-dim system of equations representing orthogonalities as defined in a KS setup can have real solutions only for loops of order five and bigger and that means that MMP diagrams can be interpreted as Greechie diagrams of OMLs. [12] (Greechie diagrams with a loop of order less then five do not represent a lattice.) Hence, when we want to find KS vectors we first find OMLs that do not admit a classically strong set of states (Def. 2.3) of type 0-1 and only then we look whether there are underlying vectors according to the procedure given in [12] .
This result also enables us to take the opposite approach and find OMLs that do not admit a strong set of states at all (Def. 2.3). Since any Hilbert space admits a strong set of states this means that such OMLs cannot underly any Hilbert space and that there cannot exist "quantum states" defined on such OMLs in the same sense in which there cannot exist 0-1 ("classical") states on KS OMLs. Thus we can view our generation of OMLs that do not admit a strong set of states as a kind of reverse Kochen-Specker theorem. Of course, since no strong set of states is admitted there can be no vectors underlying these OMLs and they cannot be used for proving the KochenSpecker theorem.
Nevertheless the project turns out to be equally complicated as the aforementioned exhaustive generation of OMLs that do not admit 0-1 for the aforementioned Kochen-Specker setups but fortunately our previous results help. [12] [13] [14] Our approach is based on generating and recognising orthomodular lattices that do not admit any of the properties of Hilbert lattices underlying Hilbert space. So no set of experimental detections along directions determined by such orthomodular lattices could be consistent with any quantum measurement. Note here that we cannot have a simple inversion, i.e., we cannot have classical measurement that would not be quantum because the distributivity is a stronger property than orthomodularity or modularity and non-orthomodularity immediately means non-distributivity as well. We can carry out a classical algorithm on a quantum computer but not the other way round.
In this paper we investigate one of possible realisations 1 of the approachorthomodular lattices with "exactly one state," reviewed in 2008 by Mirko Navara [16] and also called nearly exotic [17] . Orthomodular lattices with exactly one state were considered by Frederic W. Shultz [18] , Pavel Pták [17] , Mirko Navara [19] , Hans Weber [20] , and others [21, 22] . They proved useful in obtaining many new properties of orthomodular lattices and other algebras.
We realized that orthomodular lattices with exactly one state are examples of our "non-quantum" lattices after we proved that their single states cannot belong to a strong set of states. We then noticed that apparently no one of the authors pointed out that their orthomodular lattices with exactly one state do not admit a strong set of states and apparently also not any stronger condition than the orthomodularity itself and we considered that worth checking.
Our approach in the present paper is to apply our algorithm for exhaustive generation of arbitrary 3D MMP diagrams to obtain orthomodular lattices with exactly one state. As an example we generate the smallest Greechie diagrams of the kind with 35-35 atoms/blocks (vertices/edges) to 38-38 atoms/blocks, 2 present some of them graphically and discuss their properties. We also announce a new generation of algorithms and programs that will be specially designed for obtaining such lattices for arbitrary high number of atoms/blocks theoretically and much higher number of them realistically. 
Orthomodular Lattices, MMP Diagrams, and States
Formalising the above operations we can define orthomodular lattice as follows:
where
, we define the greatest element of the lattice (1) and the least element of the lattice (0):
the ordering relation (≤) on the lattice:
and the orthogonality
Now let us look at the orthogonal vectors that determine directions in which we can orient our detection devices and therefore also directions of observable projections. We can choose one-dimensional subspaces H a , . . . , H e as shown in Fig. 1 , where we denote them as a, . . . , e. If we used Greechie diagrams for the purpose, we would obtain the following structure of Hasse diagrams for OMLs of one dimensional Hilbert subspaces. The given orthogonalities are
Also, e.g., b ′ is the complement of b and that means a plane to which b is orthogonal: b ′ = a ∪ c. Eventually b ∪ b ′ = 1 where 1 stands for H. However, we should better use MMP diagrams for which the bare orthogonalities between vectors suffice without the exponentially increasing complexity of Hasse diagrams.
Thus we generate orthomodular lattices as Hilbert vectors with the help of MMP diagrams that are defined by means of the following MMP algorithm [11, 12] (see a graphical representation in [12] ): (i) Every vertex (atom) belongs to at least one edge (block);
(ii) Every edge contains at least 3 vertices; (iii) Edges that intersect each other in n − 2 vertices contain at least n vertices.
As opposed to Greechie diagrams, MMP ones are bare hypergraphs-set of vertices and edges with no other meaning or conditions imposed on them. Greechie diagrams are by definition a shorthand notation for Hasse diagrams; e.g., they have a built-in condition that they cannot contain loops of order (3) 4 or less for describing (partially ordered sets) lattices. MMP diagrams do not have any such qlimitation. For example, to obtain Kochen-Specker vectors we used 4D MMP diagrams with loops of order 2.
However, we always build additional conditions into the generation algorithm depending on application. For instance, while generating 3D OMLs or 3D Hilbert vectors we built in the orthogonality conditions-by means of a preliminary pass. In 3D they have the same effect as the condition of not having loops of order 4 or less but are much more efficient and speed up the programs tremendously. The 3D MMP diagrams we obtain in the next section are also Greechie diagrams because 3D MMP diagrams applied to generation of either Hilbert vectors or OMLs are isomorphic (at the level of vertices and edges) to correlated Greechie diagrams.
We now ascribe a state (a value) to each lattice element in the following standard and well-known way. 
This implies that
(∀m ∈ S) (m(a) + m(a ′ ) = 1) and
for all elements in OML.
To connect values obtained by a measurement with the structure of OML we introduce the so-called strong set of states following Mayet [28] . 
Following our references [13] and [29] , we also introduce a classically strong set of states as follows. 
We assume that OML contains more than one element and that an empty set of states is not strong. Proof. As given in [13] .
Note that we can write Eq. (12) as
because the ⇐ part of ⇔ in Eq. (12) follows from Eq. (11) and we can drop it in Eq. (14) as redundant. From Eq. (14), assuming that an empty S is not strong and that OML contains more than one element and adding the redundant ⇐ from Eq. (11) we obtain
The two assumptions (OML contains more than one element and an empty set of states is not strong), which we need to make the predicate calculus relationship between the second ∀ in Eq. (14) and ∃ in Eq. (15) work, will always hold for any measurement or theoretical consideration we might be interested in for any realistic application. Notice also that any classically strong set of states is strong (in the sense of Def. 2.3) as well, but not the other way round. Now, if we assume that any m is classically always predetermined, i.e., the same for all the elements of OML, then we will get Eq. (13) from Eq. (15) since in that case we can move the existential quantifier to the front. Hence, a classical measurement evaluating conditions defined on an OML that admits a classically strong set of states give the same outcomes as a classical probability theory on a Boolean algebra, because we can always find a single state (probability measure) for all lattice elements. A quantum measurement, on the other hand, consists of two inseparable parts: an OML and a quantum probability theory, because we must obtain different states for different OML elements.
Orthomodular Lattices with Exactly One State
To find orthomodular lattices with exactly one state we are first tempted (following the previously found examples [18] [19] [20] ) to look at the lattices with an equal number of atoms and blocks. However, in that case we might give every atom the same value, but it is not necessarily the only state. Thus we have decided to do both, generate and scan OMLs with an equal number of atoms and blocks.
To carry out the generation we used algorithms and programs for generation of MMP, Greechie, and bipartite-graph diagrams, described in Refs. [12, 14, 15] , respectively. (Note that both MMP diagrams and Greechie diagrams are hypergraphs.) To carry out the scanning and drawing of the diagrams we used algorithms and programs for finding states on lattices, described in Ref. [13] with some additional features presented in Ref. [15] .
We encode MMP hypergraphs by means of alphanumeric characters. Each vertex (atom) is represented by one of the following alphanumeric characters: 1 2 3 4 5 6 7 8 9 Each block is represented by a string of characters which represent atoms without spaces. Blocks are separated by comas without spaces. All blocks in a line form a representation of a hypergraph; their order is irrelevanthowever we shall often present them starting with blocks forming the biggest loop to facilitate their possible drawing; the line must end with a full stop; for a hypergraph with n atoms all characters up to the n-th one, from the list given above, must be used without skipping any of the characters.
Navara presented his 44-44 OML (44 atoms and blocks) with only one state (1/3 for each atom) (tire 44 ) in Ref. [19] and gave its figure in Ref. [16] . We translated the figure in our formalism so as to read: (44-44) 123 Our generation is pursued by means of two different algorithms: a direct generation of all possible Greechie diagrams (via generation of MMP diagrams + orthogonality) and by generation of bipartite graphs that correspond to hypergraphs (OMLs) with equal number of atoms and blocks. The generation and procedure was described in detail in Ref. [14] . There we also gave the number of 35-35 (5), 36-36 (1), 37-37 (0), and 38-38 (8) OMLs, but not the very lattices (apart from 36-36). Now we do so and we also scan them for admitting exactly one state to obtain the following results.
Among the five 35-35 OMLs there is one which is dual to itself-when we exchange atoms for blocks and vice versa we obtain an OML which is isomorphic to the original one. The latter OML is shown in Fig. 2(b) and it does admit more than one state. (38-38h) abc,c1K,KLX,XMN,N94,43U,UZT,T6D,DGA,AVI,IJS,SPQ,QWO,O2H,H78,8BF,FRC,C5a, XYZ,VWZ,RSY,GHY,EFW,CDL,9AB,6NQ,57M,EJM,3LO,14R,BKP,2JT,17V,5PU,68b,29a,EGc,3Ib.
Thus we obtain the following theorem. 
Conclusion
In this elaboration we formulated a kind of reverse Kochen-Specker theorem that amounts to finding conditions imposed on a basic algebra of the Hilbert space as well as on Hilbert space vectors that cannot be satisfied by any quantum system. In 3-dim space this also applies to counterfactual orientation of experimental setups in the same way in which it works for Kochen-Specker setups. With the latter setups it is impossible to obtain consistent classical 0-1 measurement outcome and with our setups it is impossible to obtain consistent quantum outcomes.
Our "reversing of Kochen-Specker theorem" consists in generating basic quantum algebras-orthomodular lattices (OMLs)-that do not admit properties of the Hilbert space. There are many possible approaches to such a generation depending on what properties we want to consider. In this paper we decided to investigate the state properties of OMLs in a 3-dim space because states impose complex structures on ortholattice (algebra satisfying conditions (1)- (6) in Def. 2.1)-for instance an ortholattice with exactly one strong state is a Boolean algebra. Therefore we examined recent resultsmany of them reviewed in Mirko Navara's review [16] -on orthomodular lattices with exactly one state.
Using MMP algorithms, we previously used to exhaustively generate Kochen-Specker vectors [11, 12] , we obtained five smallest OMLs in 3-dim space with 35 atoms and 35 blocks (35-35), one 36-36, no 37-37, and eight 38-38. The smallest previously found such an OML has 44 atoms and 44 blocks. [19] OMLs that admit exactly one state have been previously investigated and used to obtain various properties of OMLs and related algebras and structures. [16] MMP diagrams (hypergraphs) and algorithms are briefly reviewed in Secs. 2 and 3 and in detail in the cited references. In 3D MMP for Hilbert vectors and OMLs amounts (at the level of bare vertices and edges).
Among five 35-35 OMLs we generated, four have exactly one state (1/3 for each atom) and the fifth, which is dual (with roles of atoms and blocks exchanged) to itself, has at least two states. The MMP diagrams (Greechie diagrams) of all five 35-35 OMLs are given in Sec. 2 as well as the states of the dual OML. We also provide figures of 35-35a with a single state and of the dual 35-35e in Fig. 2 .
OML 36-36 is dual to itself and has exactly one state (1/3 for each atom). All of the 38-38s are dual to themselves and they all have exactly one state (1/3 for each atom). We give MMP (Greechie) diagrams for all of them Sec. 2.
We carried out several other tests on the aforementioned OMLs and obtained the following results:
• None of the obtained states belongs to a strong set of states, while it is apparently possible to have an OML admitting only one strong state as indicated by Pták results for posets [17] . Thus the former states are non-quantum (and therefore also non-classical), while the latter are classical (and therefore also quantum). Therefore we might view the former states as a kind of "reverse Kochen-Specker theorem" as explained in the Introduction.
• None of the generated OMLs pass any known stronger than orthomodularity condition as, e.g., Godowski equations (because they do not admit strong states) or orthoarguesian equations [29] .
• OMLs that admit exactly one state that does not belong to a strong set of states are not limited only to those OMLs that have equal number of atoms and blocks as 73-78 given in footnote 4 proves. However, for lattices that have less blocks than atoms this is still an open question. We did not scan such lattices so far because that is computationally very demanding but it is one of our future projects.
• OMLs with equal number of atoms and blocks do not necessarily have only one state as dual 35-35e in Fig. 2(b) shows. Other duals, 36-36 and all 38-38, have only one state though.
We should stress here that the above OMLs with with exactly one state cannot be enlarged so as to become a sublattice of a Hilbert lattice because the orthoarguesian equations that have to hold in any Hilbert lattice fail in all above OMLs. And if an equation fails in a sublattice (meaning a subalgebra) it fails in the lattice as well.
To obtain further results both on bigger OMLs that admit only one state and on OMLs that do not admit other quantum conditions we are developing new algorithms some of which are presented in Ref. [15] . These algorithms will however not enable a generation of lattices with less blocks than atoms at all, so the aforementioned project of scanning lattices with less blocks than atoms will not make use of them.
We are developing new algorithms because the algorithms (gengre) we developed for generation of lattices with arbitrary number of atoms and blocks and used for obtaining Kochen-Specker vectors spend years of CPU time on our clusters. So, to go over 40 atoms and blocks we had to specialise the algorithms. [15] In the end we should stress that our results also contribute to the theory of orthomodular lattices and to the theory of graphs and hypergraphs.
